Tunneling of virtual vortex-antivortex pairs across a superconducting film can be enhanced by sending pulses of electric current along the film. Thus, a thin wire made from such a film will function as a quantum switch (changing the magnetic flux enclosed by the device). We study this process numerically in a toroidal film (periodic boundary conditions in both directions) by using the dual description of vortices, in which they are represented by a fundamental quantum field. In particular, we discuss pulse shaping required to achieve a significant effect.
Introduction
An essential component of a quantum computer is quantum memory that reliably stores superpositions of quantum states and allows one to manipulate these superpositions in a controlled manner. Promising candidates for this application are persistentcurrent superconducting devices, in which the basis states are characterized by different values of the enclosed flux. The possibility to form quantum superpositions of such (macroscopic) states has been demonstrated in experiments with SQUIDs [1, 2] .
Once reliable storage of quantum superpositions is achieved, it becomes necessary to consider possible mechanisms for reading and writing operations and for assembling several such individual units (qubits) into a scalable quantum computer. In SQUIDs, various proposals have exploited the existence of a potential barrier between two stable basis states and have involved manipulation of the barrier itself, use of tunneling effects, or a controlled excitation over the barrier [3, 4] .
In this paper, we examine a model which describes the dynamics of vortices (short Abrikosov flux lines) in a thin superconducting film of cylindrical shape. The ends of the cylinder can be joined together, so that the film forms a torus and can therefore enclose flux. This device does not contain any Josephson junctions, thus avoiding dissipation due to various fabrication issues, such as defects in the insulating barrier. 
(t).
The circles denote a vortex and an antivortex. In this paper, we consider a rectangular superconducting film with periodic boundary conditions in both directions.
We consider a tunneling scheme in which a pulse of electric current along the larger dimension of the torus induces transport of virtual vortex excitations along the smaller dimension, see Fig. 1 . Because this transport changes the enclosed flux, it can be used to form arbitrary superpositions of the basis states. For applications to quantum computing, of main interest is the adiabatic regime, when there is very little residual excitation left in the system after the pulse (in other words, no real, as opposed to virtual, vortex pairs are produced). If this condition were not satisfied, the remaining vortices would be easily "detected" by the environment (e.g. by electrons at the vortex cores), and that would result in rapid decoherence. Thus, we envision a situation when a virtual vortex and an antivortex are created, say, on the inside of the torus, transported along the opposite semicircles to the outside, and annihilated there, almost without a trace.
The possibility of a sizable vortex transport with exponentially small residual excitation has been shown analytically in the previous paper by one of us [5] , using a second-quantized dual description of vortices, in which they are represented by a fundamental quantum field. This description can also be used for a numerical calculation of the vortex transport. Such a calculation will allow one to quantify how the transported vortex number depends on the shape of the pulse. Results of such a calculation are reported in the present paper.
We model the torus by imposing periodic boundary conditions at the boundaries of a rectangular film. This model neglect a finite self-inductance of the device (i.e. assumes the self-inductance infinite), and below we discuss some limitations resulting from that assumption. However, for our main purpose, which is to obtain numerical evidence in favor of a large effect, the model is sufficient. In practice, it may be easier to fabricate a thin strip than a thin cylinder. Our methods will apply to that case as well, after one establishes the boundary conditions for the vortex field at the edges of the strip.
The paper is organized as follows. In Sect. 2 we review the equations of the second-quantized dual description of vortices in a thin film. In Sect. 3, parameters of the dual description are related to parameters of the Ginzburg-Landau theory. In Sect. 4, we discuss pulse shaping required to achieve a significant effect. Numerical results are presented in Sect. 5, and their discussion in the concluding Sect. 6.
Background
We consider a thin (two-dimensional) type-II superconducting film which is well below the critical temperature (so it can be assumed to be at absolute zero). We simulate a physical torus by using periodic boundary conditions at the edges of the film. Since we are in the type II regime, the application of a current pulse will modify the behavior of virtual vortex-antivortex pairs in the film, and it is this modified behavior that we wish to examine.
In order to take into account the zero-point vortex-antivortex fluctuations (corresponding to creation and annihilation of virtual vortex-antivortex pairs), we describe vortices by a complex quantum field χ, obeying the equation of motion [5] χ − c
Here d is the thickness of the film, e is the magnitude of the electron charge, and E(t) is a time dependent electric field produced by a pulse of electric current. The secondorder in time, "relativistic" form of this equation, with the speed of light replaced by some other speed c 1 , is dictated by the need to take into account the virtual vortex pair production. In the "non-relativistic" limit, where such processes are neglected, our description reduces to the first-quantized theory of ref. [6] , but that is not a suitable limit here. The linear (in χ) approximation used in (1) is adequate when vortices are sufficiently rare. Eq. (1) is solved by an expansion of the form
where k = (k x , k y ), α and β are annihilation operators for vortices and antivortices, respectively, and f k (t) are the mode functions that take into account the time dependence of E(t) and of the vortex "mass" M(t). We should stress that the problem becomes linear only in the dual description of the superconductor. In the original description (based e.g. on Ginzburg-Landau theory), vortex tunneling is a highly nonlinear effect.
Substituting the expansion (2) for χ into the field equation above, we obtain the equation for the evolution of the mode functions:
and an identical equation for f k * (t). This equation must be solved for f k (t), subject to the initial condition
where V is the two dimensional volume of the film, ω
, and t i is an arbitrary moment of time, specifying the inessential phase of the mode function.
Note that by virtue of the initial condition (4), the vacuum initial state for all modes (which is an appropriate initial state at absolute zero) is simply the vacuum annihilated by the operators α and β. So, once a solution to the initial problem (3)- (4) is available, the mode functions can be used for calculation of various quantities in which we are interested. One such quantity is the vortex current, another is the energy of the system, and the third is the vortex occupation numbers.
The average vortex current during the pulse is found by taking the standard expression for the current 1 c 
where X = χ/ √h , and averaging it over the vacuum of α and β, to obtain
The average vortex number transported in the x direction per unit length in the y direction is calculated by integrating (6) over time. This average number provides a measure of how much flux has been transported across the film during the pulse of electric current. Strictly speaking, we need to compute not only the average of the transported vortex numberν itself,ν =
but also higher-order averages, such as ν 2 . That would allow us to obtain the distribution of amplitudes among various eigenvalues ofν. Due to the quantization of vortex flux, the eigenvalues must be integers, so if the initial state of the enclosed flux was some |φ 0 , then the final state will be
where |φ ν is obtained from |φ 0 by transporting ν units of flux, and A ν are the amplitudes in question. The average transport is
so additional information about A ν should come from the higher-order averages. It is here, however, that our modeling of the physical torus by a rectangle with periodic boundary conditions does not accurately represent the original problem. Our "mathematical" torus corresponds to the limit of infinite self-inductance and has an infinite number of degenerate stable states |φ n , n = 0, ±1, ±2, . . ., separated by one unit of flux (cf. ref. [7] ). On the other hand, in practice, the self-inductance is finite (and roughly proportional to the length of the device), and in the typical case there are only two stable states, so ν in eq. (8) takes only two values (say, 0 and 1). This difference is largely inconsequential for our main goal, which is to show that significant vortex transport can be achieved with a properly shaped pulse, but it renders useless any conclusions based, for example, on the variance ofν. For this reason, we chose not to present any results for higher-order averages. This discussion highlights the importance of obtaining parallel results for the case of a physical torus with finite self-inductance.
The energy density (divided byh) of each individual mode is given by
where
The energy is conserved only at times well before and well after the pulse, but it changes significantly during the pulse, even when M(t) and E(t) change slowly (adiabatically); it is not an adiabatic invariant. The relevant adiabatic invariant is the occupation number of vortices in the corresponding mode, obtained as
The change in this number during the pulse is a measure of adiabaticity of the system, and its value at t → ∞ is a measure of the residual excitation: if no real vortices are produced by the pulse, n k (t → ∞) = 0.
Estimation of the parameters
The electric field E(t) and the profile of the time-dependent "mass" can be expressed through the single quantity-the electric current I(t). To obtain these expressions, we use the Ginzburg-Landau (GL) theory, for which we mostly follow notation of ref. [8] . We also assume that the normal conductance, due to thermally excited quasiparticles, is very small, as is the case at nearly zero temperature. Then, the electric current density is given by
where g = 2e/hc, and ζ is a parameter. If, during the pulse, the order parameter ψ changes slowly, it can be taken to satisfy the time-independent equation
(In time-independent Ginzburg-Landau theory, it is customary to normalize ψ so that ζ =h 2 /4m, where m is the electron mass, but we will not use this choice in what follows.)
The electric current j should not be confused with the vortex current J discussed in the previous section. In fact, these currents are in a sense dual to each other. The only nontrivial components of these currents in the present case are j y and J x , cf. Fig. 1 .
In a thin film, the order parameter ψ and the vector potential A y can be assumed nearly constant across the film (i.e. in the z direction). Since j y is independent of x and y, by a suitable choice of gauge ψ and A y can now be made completely uniform in space, and ψ can be made real. Then, the GL equations become much simpler:
In addition, the current density j y can be easily expressed through the total current I, which is the externally controlled quantity:
where L x is the length of the film in the x direction. Thus, for a given I(t), eqs.
(15)-(16) become a system of two equations for two unknown functions of time, ψ and A y .
In the present paper, we use a simpler procedure, in which we specify not the total current but directly the time-dependence of the order parameter, or equivalently the ratio
where ψ 0 = (−a/b) 1/2 is the order parameter in the absence of current. The vector potential is then immediately determined from (16)
provided that θ 2 never exceeds unity. The latter condition means simply that a current corresponding to a given θ(t) exists (it can now be determined from (15)). In (19), we have introduced the coherence length of the superconductor ξ,
Note that this is the unperturbed coherence length, i.e. the one before and after the pulse. Therefore, it is time-independent. The electric field E(t) can now be obtained via E = −(1/c)∂ t A y . In eq. (3) for the mode functions we need the product
For the coefficient B we find
where α EM = 1/137 is the fine structure constant. The speed c 1 , which is also needed in eq. (3), is obtained from the ratio of the vortex pair production energy and the vortex inertial mass M [5] :
Here M 0 = M(t → ±∞). As described in ref. [5] , eq. (23) leads to the following estimate:
where ξ is the coherence length (20), and δ is the London penetration depth,
Note that in a thin film δ determines the strength of the London current (cf. eq. (15)), but not necessarily the radius over which the magnetic field of a vortex is confined. Finally, the unperturbed vortex "mass" (more precisely, frequency) M 0 can be estimated directly from the GL Hamiltonian:
A similar estimate for the time-dependent "mass" M(t) shows that is depends quadratically on ψ(t) and can therefore be written as
Pulse shaping
When the rate of change of θ 2 is much slower than the period corresponding to the minimal value of frequency M(t), we arrive at the adiabatic regime, in which the occupation numbers (12) are exponentially suppressed. As discussed in the Introduction, this is the regime of main interest for applications to quantum computing.
As shown in ref. [5] , vortex transport in this adiabatic regime is given-to the linear order in the electric field-by
The qubit should be designed in such a way that at t → ±∞, when M(t) = M 0 , the exponential factor in (28) is small enough to suppress unwanted spontaneous fluctuations of the flux ("errors"). On the other hand, during the pulse, M(t) should decrease to allow for significant vortex transport. We therefore consider cases when M(t) starts at a large value at t → −∞, then dips to M(t) ∼ c 1 /L x near t = 0, and finally returns to its original (large) value at t → ∞. Two observations can be made based on eq. (28). First, if θ 2 (t) (and therefore also M(t)) is symmetric about t = 0, then according to (21)Ẽ is antisymmetric, and the integral in (28) is zero. In other words, what we accumulate on the upswing of the pulse, we lose on the downswing. Second, if M(t) has a pronounced minimum, with a large second derivative, we also lose most of the contribution to (28), because at the minimumẼ = 0, while away from the minimum M(t) rapidly becomes large. These observations suggest that for the maximum effect we should use asymmetric θ 2 (t) with an almost linear region (i.e. small second derivative) near the minimum. In what follows, we use the following form of the pulse
where τ = t/t 0 , and t 0 , C, and D are parameters. It is clear that t 0 regulates the duration of the pulse, while C regulates its strength. The latter parameter can be conveniently expressed as C = 0. 
Numerical Results
When we choose parameters of the superconductor for numerical work, we should take into account the reduction of ξ and the increase of δ due to confinement effects (i.e. due to the small value of the film's thickness) [9] . For d = 1 nm, reasonable values are ξ = 3 nm and δ = 300 nm.
For these values of the parameters, we can use c 1 = c/100, in accordance with the estimate (24). We choose 1 µm as our unit of length and define the unit of time by setting c 1 = 1. So, our time unit corresponds to 1µm/c 1 = 1/3 ps of the physical time. For the unperturbed vortex "mass" we use M 0 = 10 in the new dimensionless units, consistent with the estimate (26).
To prevent spontaneous tunneling of the flux (in the absence of a pulse) and yet allow for induced tunneling during the pulse, the length L x has to satisfy these conditions:
The amplitude of spontaneous tunneling is suppressed by exp(−M 0 L x /c 1 ); for our numerical study it is sufficient to choose L x = 0.3, so that the exponent is only equal to 3. One should keep in mind, though, that in practice, to suppress spontaneous tunneling for a macroscopic time, one will need much larger values of the exponent (cf. [5] ). We have integrated the mode equations (3) using a Runge-Kutta sixth-order integrator for N x − 1 values of k x : k x L x /2π = 0, ±1, . . . , ±(N x /2 − 1), with N x = 16, using a pulse of the form (29) and duration t 0 = 50. Parameters of the pulse were the same as discussed in the previous section (see Fig. 2 ). Initial conditions (4) were imposed at t = t i = −500. Note that although the average current (6) is a sum over both k x and k y , these two components of the wave number are on somewhat different footing. It is essential to always sum over k x , because the contribution from large positive k x cancels that from large negative k x . There is no such cancellation in the sum over k y , so it is possible, and in fact useful, to consider currents induced for each k y separately.
In Fig. 3 we plot the integrated (over time) vortex current
for three values of k y : k y = 0, π/5, and 2π/5. These values correspond to the longitudinal harmonics numbered n y = 0, 10, and 20 for L y = 100. The additional factor of L y in eq. (31), compared to eq. (6), is a result of going from transport per unit length in the y direction to transport per the entire length L y . For each individual k y , Q(k y , t) is independent of L y (since |f | 2 scales as 1/L y , cf. (4)), so increasing L y simply brings more modes into the "active range" and thus increases the total transport. Not surprisingly, transport is the largest for the "lightest" mode, k y = 0, but we see that it remains significant even for k y = 2π/5. We deduce from Fig. 3 that, for L y = 100, the total transport obtained by adding contributions from all k y is roughly of order one.
In Fig. 4 we plot a measure of adiabaticity
where n k are the occupation numbers (12). The plot is for k y = 0, which is the least adiabatic mode. We see that the process is to a good accuracy adiabatic. Most importantly, there is practically no residual excitation (real vortex-antivortex pairs) left in the final state: at t = 500, we obtain N(k y = 0) < 10 −8 .
Conclusion
Our main result is that, by suitable pulse shaping, one can achieve adiabatic vortex transport of order 1/40 of the flux quantum for a single longitudinal mode, or of order 1 when many such modes are active, i.e. when the longitudinal dimension L y is sufficiently large. So, a wire made from a thin superconducting film shows promise for use as a qubit. As an alternative to increasing the longitudinal size of the film (which in our numerical example has to be of order 100 µm), one may consider applying a sequence of pulses, rather than a single pulse. We stress that in the example considered here, practically no real vortices are produced: the transport is therefore due to tunneling of virtual vortex-antivortex pairs around the circumference of the toroidal film. This is essential for reducing decoherence. Thus, we find that obtaining large vortex transport while remaining well inside the adiabatic regime should not be a problem in practice.
An important criterion, for which the pulsing scheme should be optimized, is stability of the transport with respect to inevitable (small) fluctuations of the shape of the pulse. Another question, already mentioned in the text and left open by our study, is how to generalize the present theory to take into account the finite selfinductance likely to be important for any realistic device. Finally, we would like to understand the boundary conditions that we need to impose on the dual field χ to be able to explore geometries other than the periodic (toroidal) geometry considered here. This is important for applications since, for example, a thin strip may be easier to fabricate than a thin cylindrical surface. We plan to return to these questions in future publications.
